how to calculate the beta function

sbeta function describes transverse motion of particles in
synchrotrons and storage rings
*beta function formalism also may be applied to beam lines

classic paper
E. D. Courant and H. S. Snyder, Ann. Phys. 3, 1(1958)
stextbook
D. A. Edwards and M. J. Syphers, Introduction to the Physics
of High Energy Accelerators (Wiley, 1993)
*on-line USPAS lectures
G. Dugan Introduction to Accelerator Physics (January, 2002)



assumptions of elementary treatment

* pbending and focusing elements have a
horizontal median plane

 configuration of elements has a closed
orbit for particles of momentum p, called
the reference trajectory

e motion described with accelerator
coordinates (s,X,z)



accelerator coordinates

7 particle trajectory
X /

reference trajectory

magnetic midplane



linearized equations of motion

X and z decoupled - use y for general coordinate
y'+K(s)y=0

differentiation with respect to s

d _dsd ~Vi
dt dtds ds




restoring force K (S)

P

Table 1 K(s) for various magnetic elements with B, p, = q and
1 [aBz |
B, o, L ox o
Magnetic element KX KZ
Vertical field dipole 1 0
2

Py
Pure quadrupole —K K
Combined function 1 k
quadrupole plus vertical dipole | — — K

Po




periodicity condition

K (S + C) = K (S) C ring circumference

K(S + L) — K(S) |_ lattice period
L=C/N



matrix formalism
for

y"+K(s)y=0

(a b)(y(s,)
c d)Ly'(s,)
initial conditions separated from transport from s, to s

M (S ‘ So ) depends only on K (S) between s_to s



M (s|s,) forvarious magnetic elements

K(s) M(s]s,)
K (s)=constant>0 | 1)
COS @ \/Rsm¢ ¢=\/K(s—so)
\—VKsing  cosg
K (s)=constant<0 |( " 1 b s
cosng \/Ism y ¢:\/j(s—so)
\V-Ksinhg  coshg |
K(s)=constant=0|(1 (s-s,)

0 1

|




application of matrix formalism

transport through successive elements give by matrix multiplication
M(s,|s,)=M(s,|s,)M(s,]s,)
unit determinant
detM (s, |s,)=1
transport through one cell
M(s)=M(s+L]|s)
transport through one period of N cells

[M(s)]"

transport through k periods

[M(s)]"



stability condition |

a b
all matrix elements of M (S) = ( dj must remain finite as K — oo
C

consider eigenvalue problem MY =AY

expand initial vector in eigenvectors Y (SO) = AV, + BV,

transport through k periods MY (s ( ) MkNV +BA4, kNV

eigenvalues from
det[M —A1]=0—- 1> —(a+d)1+1=0

define COSu=3%(a+d)=1TrM



stability condition |l

define COSu=3(a+d)=3TrM

eigenvaluesare A =COSu+isin u= atin

for stability

M must be real

TrM =la+d/<2

M is the phase advance in one period




example - weak focusing ring

1-n n
KX: R2 KZ:?

single turn transport

cos(2ai-n)  Esin(2nvi-n)
—msin(Zﬂ\/H) cos(%ﬂ)
. R J

( cos(Zﬂ\/ﬁ) \/Rﬁsin(Zﬂ\/ﬁ)\
—\gsin(Zm/ﬁ) cos(an/ﬁ) )

\
COS L, =cos(2ﬂM) O<n<l COS L, =cos(27z\/ﬁ)




CLS parameters

(c03y+asiny £sin u j_(a bj

—ySin u COS i —axSIn u c d



continuous solution for CLS parameters

y'+K(s)y=0 with K(s+L)=K(s)
homogeneous Hill's equation

phase - angle solution

y(s)=Aw(s)cos(y (s)+9)
compare to simple harmonic motion

y(s)= Acos(\/ﬁs+§)



the beta function |

assumed solution in equation of motion gives two equations

2Wy' + Wy " = (Wzl//') =0 wW-wy'*+Kw=0

l \’
W,ZLZE w’ (W' + Kw) = k*
w? B !
\L 2ﬂﬂﬂ_ﬂ!2+4Kﬂ2:4
¢ ds l
w(s)=|—
) s{ﬁ B"+4K S +2K'B =0
\}

p"+4K 3" =0 for K =constant



solutionsforK=0and K> 0

for K=0 for K>0
B"+4KB +2K' =0 = f"=0 p"+4KB +2K'f=0 = B"+4Kp' =0
B =C,+C,S +Cys’ [ =C +C,c08v4Ks + ¢, sinv4Ks
1, 1
a=—§ =—§Cz—035 a:—%ﬂ':ﬁczsin 4Ks—\/Rc3cos 4K's
y=Kp-a'=-a'=c,

y=Kp-a =y=cK-c,Kcosv4Ks—-c,Ksinv4Ks

1
0 —— -s a 0 JKsinv4Ks —JKcosv4Ks /¢
& 2 C, 1
Bl=l1 s s*|c, p|=|1 cosviKs sinv4Ks C,
y) 10 0 1]|c y K —-Kcosv4Ks —Ksiny/4Ks J\Cs

simple analytic forms
need to determine integration constants



the beta function Il

find initial conditions  3(S,)  B'(S,)

seek periodic solution ,B(S + L) = ,6’(8) (Floquet’s theorem)

write
y = Apcos(y)+Apsin(v)
and
V' =(~Aa+A) B cos(y) (A +Aa) B sin(y)
where
a=-F

2



the beta function Il

Y(S:)=Ys Y'(S5)=Ys w(s,)=0

transport from So tos;

12
[%) (cosAy +a,sinAy) (ﬂl,b’o)msinmy
T e
Y1 l+a,a . o, — o ﬂljﬂz -
_ 0 A 0 A L Ay — A
(ﬂlﬁo)wsm W+(ﬂ1ﬂo)mcos v [ﬂo (cosAy —a,sinAy)
for
S
szjds/ﬂ S, =S, +L

ﬂlzﬂo alzao




the beta function IV

transport through one period

(COSAw, +a,SinAy, B, sinAy, )
2
_ta, SINAy, COSAy, —a,SINAy,
\ P, y
equivalently
COSAy, +a, SINAy, B, SsinAy,
-y, SINAy, COSAy, —a, SINAy,

determines the values of the CLS functions at s

initial values determine integration constants in analytic forms



example g-2 ring |

transport through one period

v

(0.832 10.288
1 -0.030 0.832

(0112 7.842
" 120126 0.112

calculate CLS parameters from P:

cosAy, ,=0.832 ¢«,, =0 ,30 v =18.535m



example g-2 ring |l

transport from O to 1
( 5 1 A
—— =S

Bl=|1 s s*]|c,
v, 0 0 1\C3/

set s = 0 at 0 and solve for constants in terms of CLS parameters
/Cl\ [ 0 1 O\ (0{0\
c,|=|-2 0 0] B

G/ L0 0 1A/




example g-2 ring Il
transport fromOto 1

s)=-0.0540 m™s
5)=18.535 m+0.0540 m™s*
)

v, (s)=] 18.535 m + 0.0540 m s

0

at s, evaluate CLS functions
and use as initial conditions for next section



example g-2 ring IV

(o)
p

\7 )

transport from 1 to 3

(0 JKsinv4Ks —JK cos/4Ks)
1 cosv4Ks sinv4Ks

\K —K cosv4Ks —Ksin\/4Ks)

/Cl\

C,

\C3

set s = s; and solve for constants in terms of CLS parameters at s1

/al\

b

(0 JK, sin /4K s, — /K, cos 4Kvsl\/C1\

cos/4K, s, sin \/4K, s, C,

1

\ 71/

(K, K cosy/4K,s,  —K,sinJ4Ks |\Cs )

v1/



example g-2 ring V

“\, transport from 1 to 2

Eoev(s):3.59Om'1\/K7Vsin( 4Kvs)—4.430m'1\/K7Vcos( 4Kvs)
B,(s)=13.791m +3.590m cos( 4Kvs)+4.430msin( 4Kvs)
7,(s)=13.743m K, —3.590m K, cos( 4Kvs)—4.430m Kvsin( 4Kvs)

ds

=j _ +0.169
5 13.743m +3.590m cos( 4Kvs)+4.430msm( 4Kvs)

K, =—> =0.00634 m*
R

Vv

at s, evaluate CLS functions
and use as initial conditions for next section, etc.



results for g-2 ring |

Beta Functions (note offsets)

Beta Functions

CO00000000 PR
OFRPNWRARUIONOOORFPNWRAROUIONOOON

| | | |

0.2 0.4 0.6 0.8
Fraction of Circumference

— vertical ofset = 18

— horizontal offset=7

o

variation in beam envelope ~3% y = A\/E COS(l// — ¢)



results for g-2 ring |l

Psi Functions

6
57
54
51
48 I~
45 I~
36 F
" |
! S 36
; 5 33
| S 3r
| L %Z —
1 [75) —
& 21
1.8
151
1.2~
09
06
03[ |
0
0 0.2
— vertical
— horizontal

phase advance appears linear with s

04 0.6 0.8
Fraction of Circumference



horizontal position

—4

-5

horizontal position

—6

horizontal trajectories

horizontal trajectories

fraction of ring circumferance
delta=0
delta = 45 deg
delta = 90 deg
delta = 135 deg
+ root beta
- root beta

\

horizontal trajectories

b
horizontal position

0.4
fraction of ring circumferance

0

.6

0.8

0.4

fraction of ring circumferance

0.6




IDA program output | - g-2 ring

E{dit,.Flit.Glet, . 5Cave,  Wirite, TC(ype  H{ult . Clycle. . I {ntegrals . P{lot,.Q<uit:
g—2 ring of BHL E821
Parameters for g2 ring in pathway Og—2a™
Mumher of elements = 7 linelength = 44 686
Length Grad Rho Ent. angle Exit angle
I d.aa880Aa 7.112@8 @.088a8 @.a88a8
4_8487 —-A.886342 d.112@ d.888aa d.888aa
J.1653 #. 888648 7.112@ d.0888a8 d.0888a8
3.1653 d.aaaa6Aa d.112@ d.888aa d.888aa
4_8489 —-A.086342 7.112@ d.0888a8 d.0888a8
J3.1653 d. 888868 d.11z2@8 d.888aa d.888aa




IDA program output Il - g-2 ring

3~ 3-,2081

Alpha<h» Betath)» Psich>» Alphaduv) Betadul> Peidul> ip ¥pdot

—A.8808 7.87915 9A.8608 #.AAA@ 18.5347 @.8808 §.3488 d.888a8
#.@818 7.6168 A.486 -A.1788 19.8754 B.167? 8.2283 -A.@749
-A.8818 7.6168 1.85%3 B.1788 19.8754 @.4179 8.2283 a.a747
d.0888a8 7.8915 1.459 #.A08@ 18.5349 O.588 §.3488 -A.800A
@.@a81@8 7.6168 1.865 -BA.1788 19.8754 B6.758 §.2283 -A.A7479
-A.8818 7.6168 2.512 B.1788 19.8754 1.088 82283 a.a74%
—A.880a 7.8915% 2.718 d.AAA@ 18.534% 1.177 §.3488 -—-8.000A
—A.88848 7.8915 L.83c -BA.0888 18_.5349 2.354 g.3488 d.888a8

Line length = 44 _6862 Bending angle = 62832
Horizontal phase = 5.8356 Uertical phase = 2.353%7
Tupe any character to return




	how to calculate the beta function
	assumptions of elementary treatment
	accelerator coordinates
	linearized equations of motion
	restoring force
	periodicity condition
	matrix formalismfor
	for various magnetic elements
	application of matrix formalism
	stability condition I
	stability condition II
	example - weak focusing ring
	CLS parameters
	continuous solution for CLS parameters
	the beta function I
	solutions for K = 0 and K > 0
	the beta function II
	the beta function III
	the beta function IV
	example g-2 ring I
	example g-2 ring II
	example g-2 ring III
	example g-2 ring IV
	example g-2 ring V
	results for g-2 ring I
	results for g-2 ring II
	IDA program output I - g-2 ring
	IDA program output II - g-2 ring

